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ABSTRACT: According to the classical nucleation theory,
the free energy barrier for bubble nucleation, and thereby
the nucleation rate, are functions of the initial bubble pres-
sure, Pbubble,0. In almost all of the previous studies that
have used computer simulations to investigate polymeric
foaming processes, the value of Pbubble,0 has been approxi-
mated using the saturation pressure, Psat. This article em-
ploys the thermodynamic equilibrium condition and the

Sanchez–Lacombe (SL) equation of state (EOS) to determine
the value of Pbubble,0. It is shown that using Psat to approxi-
mate Pbubble,0 may lead to significant overestimations of the
nucleation rate and the final cell density. � 2007 Wiley Peri-
odicals, Inc. J Appl Polym Sci 104: 902–908, 2007
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INTRODUCTION

Polymeric foaming is a complex process that involves
delicate thermodynamic phenomena and kinetic ma-
terial transport. It is very challenging to completely
control all aspects of the cell morphologies in various
polymeric foaming technologies. Since cell nucleation
and growth are the factors that predominantly govern
the final foam structures and quality, a fundamental
understanding of the underlying mechanisms of these
processes is indispensable to improve their regulation
and to optimize different processing technologies uti-
lized in the foaming industry.

In this context, researchers have attempted to inves-
tigate the foaming processes from both experimental
and theoretical perspectives. Extensive experimental
studies have focused on exploring the effects of vari-
ous processing parameters (i.e., temperature, pressure,
and pressure drop rate) and material compositions on
bubble nucleation and growth behaviors.1–3 These
works have identified the optimal processing condi-
tions and material compositions required to produce
high quality plastic foams. Moreover, some research-
ers have designed experimental simulation systems
and employed high-speed cameras to capture the in
situ foaming processes.4–6 However, because the cur-
rent experimental techniques cannot probe the process
at the molecular level, the bubble nucleation process,

which typically happens on the nanometer scale, can-
not be explored. As a result, various researchers have
resorted to performing theoretical investigations in an
attempt to reveal its fundamental mechanisms.7–11

Most of these studies have been based on the classical
nucleation theory,12,13 which computes the bubble
nucleation rate using the following expression:

J ¼ J0 exp � W

kBT

8>: 9>; (1)

where J is the number of bubble nucleates per unit
volume per unit time; J0 is the frequency factor; W is
the free energy barrier necessary to initiate bubble
nucleation; kB is the Boltzmann constant; and T is the
absolute temperature.

For homogeneous nucleation, the free energy bar-
rier, W, can be expressed as:14

W ¼ Whom ¼ 16pg3

Pbubble;0 � Psys

� �2 (2)

where g is the surface tension of the gas/liquid
interface; Pbubble,0 is the initial pressure inside a criti-
cal bubble; and Psys is the system pressure in the
polymer–gas solution.

Alternatively, for heterogeneous nucleation, W can
be calculated with the following equation:14

W ¼ Whet ¼ 16pg3Fðyc; bÞ
Pbubble;0 � Psys

� �2 (3)

where F is a geometrical factor, which is a function of
both the contact angle, yc, and the semiconical angle, b.14
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Since the cell nucleation process involves clusters
consisting of less than one hundred molecules, it is
necessary to use a statistical mechanical model to
determine Pbubble,0. However, all of the aforemen-
tioned computer simulation studies7–11 have approxi-
mated the values of Pbubble,0 to be identical to those
of the saturation pressure, Psat, when determining
W. Although making this substitution helps to sim-
plify the simulation algorithm, the validity of using
it in computer simulation has yet to be evaluated.

In this work, the thermodynamic equilibrium condi-
tion and the Sanchez–Lacombe (SL) equation of state
(EOS) are employed to determine the value of Pbubble,0.
By comparing the computer-simulated cell density
using the thermodynamically determined Pbubble,0, to
that according to the approximated Pbubble,0 with Psat,
the impact of using such an approximation on the cell
nucleation simulation will be discussed. Although the
validity of the SL EOS has not been verified yet,15 this
study will clarify the significance of the error associ-
ated with the approximation and provide a way to im-
prove the accuracy of simulating the cell nucleation
phenomena in polymeric foaming processes.

Theoretical framework

In the computer simulation of the cell nucleation
phenomena, the computation of J in eq. (1) requires
an accurate determination of W. By definition, W is
the amount of energy possessed by a cluster of gas
molecules above which the cluster will grow sponta-
neously into a larger bubble. In other words, W is
the amount of energy required to create a bubble
with its radius equal to the critical radius, Rcr (i.e., a
critical bubble). Therefore, the values of Pbubble,0 in
eqs. (2) and (3) are equal to the gas pressure inside a
critical bubble. In nucleation processes, W defines
the free energy barrier that the system has to over-
come to nucleate a bubble. The process is driven by
the degree of supersaturation introduced by decreas-
ing the system pressure and by the thermodynamic
fluctuation during the process. Furthermore, nuclea-
tion is a kinetic phenomenon. From a theoretical
standpoint, it is possible to initiate bubble nucleation
by decreasing the system pressure below Psat. How-
ever, the bubble nucleation will only be observable if
the nucleation rate is sufficiently high. Since nuclea-
tion rate increases with the amount of pressure
drop, the amount of pressure drop needs to exceed a
threshold value to nucleate bubbles in a real process
within a finite period of time.

A critical bubble is at an unstable thermodynamic
equilibrium state.14 Thus, the chemical potential of
the gas inside the critical bubble, mG,bubble, and that
of the gas in the polymer–gas solution, mG,solution, can
be related by

mG;bubble T;Pbubble;0

� � ¼ mG;solution T;Psys;C
� �

(4)

where C is the gas concentration in the polymer–gas
solution.

During a polymeric foaming process, both Psys and C
decrease with time. Since mG,solution is known to be a
decreasing function ofPsys andC, it becomes clear that

mG;solution T;Psys;C
� � � mG;solution T;Psat;C0ð Þ (5)

where C0 is the initial concentration of dissolved gas in
the polymer–gas solution. The equality in eq. (5) holds
only when Psys and C are equal to Psat and C0, respec-
tively. Furthermore, for a saturated polymer–gas solu-
tion with a given gas concentration, C0, the thermody-
namic equilibrium condition can bewritten as

mG;solution T;Psat;C0ð Þ ¼ mG;bubble T;Psatð Þ (6)

Therefore, using eqs. (4)–(6), it can be concluded that

mG;bubble T;Pbubble;0

� � ¼ mG;bubble T;Psatð Þ for t ¼ 0 (7a)

mG;bubble T;Pbubble;0

� �
, mG;bubble T;Psatð Þ for t . 0 (7b)

where t is the time of the process. Equations 7(a) and 7(b)
indicate that the Pbubble,0 approximation is not valid
except at the starting point of the foaming process,
although it has been a common practice to approximate
it with Psat.

7–11However, since it is impossible for bubble
nucleation to occur when Psys is equal to Psat (i.e., t ¼ 0),
it is inappropriate to approximate Pbubble,0 using Psat.
Therefore, it is of great interest to evaluate the impact of
using this approximation in the computer simulation of
the cell nucleation phenomena.

Since the size of a critical bubble is in the submi-
cron level, statistical thermodynamic theories should
be employed to determine the chemical potential of
the gas in the critical bubble. In this study, following
the approach suggested by Li et al.,16 the values of
mG,bubble and mG,solution at specified values of T, Psys,
and C are determined based on the SL EOS, which
is expressed as:17,18

r2R þ PR þ TR ln 1� rRð Þ þ 1� 1=rð ÞrR½ � ¼ 0 (8)

where PR, TR, and rR are the reduced pressure, tem-
perature, and density of the polymer–gas solution,
respectively, and r is the number of lattice sites occu-
pied by a mer.

Using the SL EOS, the values of mG,bubble can be
determined by eqs. (4) and (8), respectively:17,18

mG;bubble ¼ r0GRT � rGR
TG
R

þ PG
R

rGRT
G
R

�
þ

1

rGR
� 1

8>>:
9>>; ln 1� rGR

� �þ 1

r0G
ln rGR

�
ð9Þ
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where rG
0 is the number of lattice sites occupied by a

pure gas molecule; R is the universal gas constant;
and PR

G, TR
G, and rR

G are the reduced pressure, tem-
perature, and density for the gas component, respec-
tively. Similarly, the value of mG,solution can be com-
puted by:17,18

mG;solution ¼ RT lnjG þ 1� rG
rP

8>: 9>;jP þ r0GrRXGjP
2

� �

þ r0GRT � rR
TG
R

þ PG
R

rRT
G
R

þ 1

rR
� 1

8>>:
9>>;

�

� lnð1� rRÞ þ
1

r0G
ln rR

�
ð10Þ

where jG and jP are the close-packed volume frac-
tions of the gas and the polymer components; rG and
rP are the number of lattice sites occupied by a gas

molecule and a mer in the polymer–gas mixture;
and XG is a function of the following:

XG ¼ ðP�
G þ P�

P � 2P�
MÞ

P�
GT

G
R

(11)

where PG*, PP*, and PM* are the characteristic pressures
of the gas, polymer, and the polymer–gas mixture,
respectively. PM* can be determined using eq. (12):

P�
M ¼ ðP�

GP
�
PÞ

1
2ð1� K12Þ (12)

where K12 is the interaction parameter for the SL
EOS.

Consequently, Pbubble,0 can be estimated by solving
eqs. (4) and (9)–(12) simultaneously.

Methodology

This work studies the impact of substituting Psat for
Pbubble,0 in cell nucleation simulations. The study
evaluates the cell densities of the computer-simu-
lated polystyrene (PS)-carbon dioxide (CO2) foaming
processes and compares the results with the thermo-
dynamically-determined Pbubble,0 and those yielded
with the Pbubble,0 approximation. The processing con-
ditions and the material parameters being consid-
ered in this work are based on the experimental case
studied in our previous work.14 The system pressure
drop profile is illustrated in Figure 1.

The simultaneous simulation of the cell nucleation
and growth processes is based on an integrated
model that combines the modified nucleation
theory14 and the cell model proposed by Amon
et al.19 Table I summarizes the major differences be-
tween this simulation approach and some other
methodologies proposed in past researches. For the
cell nucleation simulation, the cell density with

Figure 1 System pressure drop profile of the PS-CO2

foaming process.

TABLE I
Comparison Between Different Foaming Simulation Approaches

Shaft’s approach9 Shimoda’s approach11 Our approach

Determination of Pbubble,0 Approximated by Psat Two cases were presented: Case 1,
approximated by Psat; Case 2,
estimated by the average gas
concentration and the
Henry’s law constant

Determined by the
thermodynamic equilibrium
condition and SL EOS

Determination of glg Considered the variation of
surface tension with cluster
size based on the long range
intermolecular potential21

Approximated by the
experimentally measured glg
without considering the
cluster size effect

Considered the variation of
surface tension with cluster
size based on the Scaling
Functional Approach16

Determination of Cavg Employed the influence
volume approach

Two cases were presented: Case 1
employed the influence volume
approach; Case 2 did not
consider the influence volume

Did not consider
the influence volume

Determination of the
concentration profile
around each
nucleated bubble

Determined by solving
the diffusion equation

Approximated by a 4th
order polynomial

Determined by solving
the diffusion equation
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respect to the unfoamed volume of the polymer at
time t, Nb(t), can be computed by

NbðtÞ ¼
Z t

0

Jðt0Þ dt0 (13)

where J(t0) is the sum of the homogeneous and heter-
ogeneous nucleation rates, which are determined by
eqs. (1)–(3). The value of yc is considered to be
86.428.14 Moreover, since the heterogeneous nuclea-
tion rate is very sensitive to the change of the sur-
face geometry (i.e., b)20 and the shapes of different
nucleating sites are likely to be random, the values
of b at different nucleating sites are approximated to
follow a normal distribution between 08 and 908.14

The average dissolved gas concentration, Cavg(t),
that remains in the polymer–gas solution can be de-
termined by

CavgðtÞ ¼ C0 �
Z t

0

4pRbubbleðt; t0Þ3Pbubbleðt; t0Þ
3RgT

½Jðt0Þ� dt0

(14)

where C0 is the initial dissolved gas concentration;
Rbubble(t,t

0) is the bubble radius at time t for the bub-

ble nucleated at time t0; Pbubble(t,t
0) is the bubble

pressure at time t for the bubble nucleated at time t0;
and Rg is the universal gas constant.

In the case of bubble growth simulation, each bubble
is considered to be surrounded by a shell of viscoelastic
fluid of finite volume and a limited amount of gas con-
centration.22 A schematic representation of a nucleated
bubble and its corresponding polymer–gas solution shell
is shown in Figure 2. In the figure, Rshell(t,t

0) is the radius
of the polymer–gas solution shell for the corresponding
bubble; C(r,t,t0) is the dissolved gas concentration at ra-
dial position r; andCR(t,t

0) is the dissolved gas concentra-
tion at the bubble surface.

Applying the aforementioned model, the overall
simulation algorithm illustrated in Figure 3 is used to
calculate the cell density, Nb. The details of this proc-

Figure 2 A schematic representation of a gas bubble and
its corresponding polymer–gas solution shell.

Figure 3 Overall algorithm of the cell nucleation and
growth simulations.
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edure can be found in Ref. 14. The subroutine to com-
pute the bubble growth profiles is shown in Figure 4.

During the simulation, the value of Pbubble,0 at
each time step is required to determine the bubble
nucleation rate. To solve for its value using eqs. (4)
and (9)–(12), it is necessary to know the values of
the characteristic pressures, volumes, and tempera-
tures of PS15 and CO2.

23 The values of these parame-
ters are summarized in Table II. Moreover, the value
of K12 is based on the data obtained by Li et al.19

Throughout the course of the simulations, the con-
tent of the dissolved gas in the polymer matrix de-

creases continuously due to the gas consumption by
the bubble nucleation and growth processes. Finally,
when Cavg(t) is sufficiently low, the nucleation rate is
negligible and this point is considered to be the ter-
mination point of the simulation. Consequently, in-
formation about the cell density and the bubble radii
for each time step was extracted from the simulation
program for the subsequent analyses.

RESULTS AND DISCUSSION

Following the aforementioned approach, numerical
simulation was performed to study the effect of Pbubble,0

Figure 4 Subroutine for bubble growth simulation.

TABLE II
Characteristic Parameters for the SL EOS

Substance P* (MPa) V* (cm3/g) T* (K)

PS 410.35 0.9093 746.1
CO2 720.30 0.6329 208.9 þ 0.459 T �

7.56 � 10�4 T2

Figure 5 Effect of the Pbubble,0 approximation on the pre-
dicted cell density.

Figure 6 Effect of the Pbubble,0 approximation on the pre-
dicted cell nucleation rate.
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approximation on the cell nucleation phenomena in
the polymeric foaming process. Figure 5 demon-
strates that the Pbubble,0 approximation will lead to a
significant overestimation — by as much as three
orders of magnitude — of the final cell density. Fur-
thermore, the results show that such an approxima-
tion will result in an earlier onset time of the bubble
nucleation process. These results are due to the
higher cell nucleation rate when Psat is employed to
approximate Pbubble,0 as illustrated in Figure 6.

Figure 6 indicates that the highest nucleation rate com-
puted using the Pbubble,0 approximation is about 1011

bubbles/cm3/s, which is about three orders of magni-
tude higher than that calculated using the thermody-
namically determined Pbubble,0. Furthermore, because of
the elevated nucleation rate, the predicted gas consump-
tion rate was higher as suggested in Figure 7. Conse-
quently, the average gas content will decrease more rap-
idly if the approximation is adopted.

To elucidate the effects of the Pbubble,0 approxima-
tion on predicting the cell density, the cell nucleation
rate, and the average gas content, it would be interest-
ing to analyze the deviation of Pbubble,0 from Psat dur-
ing the polymeric foaming process. Figure 8 shows
that Pbubble,0 and Psat are equal only when Psys is the
same as Psat. When Psys was decreasing rapidly dur-
ing the foaming process, Pbubble,0 also decreased con-
tinuously and deviated from Psat. Moreover, it can be
observed that Pbubble,0 started to decrease more rap-
idly after � 0.4 s because of the significant depletion
of the dissolved gas content (see Fig. 7).

The driving force of cell nucleation can be ex-
pressed as

DP ¼ Pbubble;0 � Psys (15)

Therefore, the results illustrated in Figure 8 indicate
that the approximation of Pbubble,0 using Psat signifi-
cantly exaggerates the magnitude of DP, especially in
the later stages of the foaming process. Using eqs. (1)–
(3), it can be concluded that the Pbubble,0 approxima-
tion significantly underestimates the free energy bar-
rier for bubble nucleation and thereby leads to overes-
timations regarding the cell density, the cell nucleation
rate, and the dissolved gas consumption rate.

CONCLUSION

This study analyses the impact of approximating the
initial bubble pressure (i.e., Pbubble,0 ¼ Psat) in the
simulation of the nucleation phenomena in the poly-
meric foaming processes. It was observed that the
simulation result using the approximation predicts
an earlier onset time for bubble nucleation. More-
over, it also significantly overestimates the final cell
density, the bubble nucleation rate, and the dis-
solved gas consumption rate. Therefore, the approxi-
mation should be avoided in the numerical simula-
tion of the foaming processes.
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